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Abstract—Aiming to relieve transmission grid congestion and
improve or extend feasibility domain of the operations, we build
optimization heuristics, generalizing standard AC Optimal Power
Flow (OPF), for placement and sizing of Flexible Alternating
Current Transmission System (FACTS) devices of the Series
Compensation (SC) and Static VAR Compensation (SVC) type.
One use of these devices is in resolving the case when the AC OPF
solution does not exist because of congestion. Another application
is developing a long-term investment strategy for placement and
sizing of the SC and SVC devices to reduce operational cost
and improve power system operation. SC and SVC devices are
represented by modification of the transmission line inductances
and reactive power nodal corrections respectively. We find one
placement and sizing of FACTs devices for multiple scenarios
and optimal settings for each scenario simultaneously. Our
solution of the nonlinear and nonconvex generalized AC-OPF
consists of building a convergent sequence of convex optimizations
containing only linear constraints and shows good computational
scaling to larger systems. The approach is illustrated on singleand multi-scenario examples of the Matpower case-30 model.
Index Terms—Series Compensation Devices, Static VAR Compensation Devices, Non-convex Optimization, Optimal Power
Grid reinforcement, Optimal Investment Planning

I. I NTRODUCTION
Power grids require flexibility to meet new operational challenges related to grid expansion [1], increasing penetration of
renewables [2], [3] and generation retirement [4]. In addition
to traditional ways to balance AC-flows through generation
dispatch, a number of new technological solutions are now
available for controls. In particular, installation of the so-called
Flexible Alternating Current Transmission System (FACTS)
adds an important new option to the mix of other available
control options, see e.g. [5], [6], [7], [8] and references therein.
Serial Compensation (SC) and Static VAR Compensation
(SVC) are FACTS devices of new type [9], [10], [11], [12]
which generally represent a way to compensate lines or loads
respectively. Main effect of an SC device consists in modifying
line inductance, while an SVC device injects or consume
reactive power.
Planning the installation of new FACTS devices with sufficient capacity and flexibility to meet requirements of multiple
demand scenarios, e.g. accounting for seasonal variations and

growth of demands is the challenging optimization problem
discussed in the past by many other authors, e.g. [5], [6], [7],
[8], and also addressed in this manuscript.
Our project has started from resolving the challenge within
the paradigm of DC approximation in [13], [14]. In this
manuscript we develop the optimization framework of FACTS
placement, sizing and operational optimality which accounts
for the most general AC case and works with multiple
scenarios. We pose an optimization problem that extends
the standard AC OPF with new optimization degrees of
freedom related to the flexibility in line inductances and
reactive power corrections provided by SC and SVC devices.
The problem is stated as a network optimization problem,
which is generally non-convex and nonlinear. Then we build
efficient optimization heuristics which constructs a convergent
and carefully controlled sequence of convex optimizations
with linear constraints. These convex optimizations are solved
efficiently with modern on-the-shelf software (like Gurobi [15]
or CPLEX [16]). This brief manuscript presents first results
of the new AC-based multi-scenario solver that optimizes over
both standard generation dispatch and FACTS-related degrees
of freedom. We mainly focus on describing the general logic
and some technical details of the algorithm. We also illustrate
performance of the algorithm on a popular 30 node model
from Matpower [17].
The material in the manuscript is organized as follows.
We set the stage in Section II by introducing notations.
The problem is stated as an optimization in Section III.
We describe the solution algorithm in Section IV, illustrate
performance of the algorithm/solver(s) in Section V and
conclude in Section VI.
II. N OTATION
In this Section we introduce/remind terminology and
nomenclature. We begin by describing the network setting and
introducing notation.
•

Layout of the power transmission network, G = (V, E),
where V and E represent the set of nodes and edges
of the network/graph, with line characteristics such as
inductances, resistances and shunt capacitances is known.
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•

•

List of projected scenarios, i.e. different load configurations, a = 1, · · · , N . The scenarios may include sampled
(typical) configurations and/or contingency (rare) configurations projected for different level of loading.
Each scenario is characterized by:
– Occurrence probability
– State of the network – energized network is the
subgraph of the complete network
– State of generators – list of generators on-line
– Configuration of loads

List of fixed parameters characterizing scenario a is as
follows:
•
•
•

•
•
•

•

•

•

•

T (a) - temporal rate (frequency) of scenario occurrence
G (a) = (V (a) , E (a) ) ⊆ G - energized subgraph of the full
network, G
(a)
(a)
x0 = (xij;0 |{i, j} ∈ V (a) ) - vector of initial inductances
of energized lines
(a)
r(a) = (rij |{i, j} ∈ E (a) - vector of resistances of lines
(a)
b(a) = (bij |{i, j} ∈ E (a) - vector of shunt capacitances
of lines
(a)
(a)
(a)
Pmin(max)−gen = (Pi;min(max)−gen |i ∈ Vg ⊂ V (a) ) vectors of minimum (maximum) active power outputs of
energized generators
(a)
(a)
(a)
Qmin(max)−gen = (Qi;min(max)−gen |i ∈ Vg ) - vectors
of minimum (maximum) reactive power outputs of energized generators
(a)
(a)
(a)
Pload = (Pi;load |i ∈ Vl ⊂ V (a) ) - vector of active
power consumptions at loads
(a)
(a)
vmin(max) = (vi;min(max) |i ∈ V (a) ) - vectors of minimum
(maximum) allowed voltages
(a)
a
|{i, j} ∈ E (a) ⊂ E) - vector of the
Smax = (Sij,max
apparent power limits of energized lines

•

To account for operational flexibility of the devices we use as
optimization variables scenario independent capacities and independently actual correction values for the devices contained
within the capacity limits. We utilize the standard π-model
for lines, however without tap changers and phase shifters for
simplicity (they can be easily added to the model).
III. P ROBLEM F ORMULATION
The problem is to place and size FACTS devices of SC and
SVC types in a way that the combination of the cost of the
upgrade and the cost of operations (load configurations), will
be minimized:


COST 4x, 4Q; state(a)
(1)
min
4x,4Q;state(a) ,∀a
X
X
.
4xij +CSV C
4Qi
COST = (CSC

•

•

•
•

Cost of the device placement and related service period:
•
•
•

CSC - SC capacity placement cost (per 1 Ohm)
CSV C - SVC capacity placement cost (per 1 MVar)
Ny - service period of the system

Finally, global (i.e. scenario independent) optimization degrees
of freedom are:
•

4x = (4xij |{i, j} ∈ E) - vector of SC device capacities
(positive values, allowed up and down regulated intervals
are assumed equal)

X

(a)

Ta ∗ Ca (P ))
a=1..N
(a) .
(a) (a) (a)
(a)

+Ny
state

= (x

,v

(a)

,θ

x(a) = x0 + 4x(a)
(a)
Qload

=

(a)
Qload−0
(a)

−4x ≤ 4x

,Q

(2)
, P (a) ), ∀a

∀a
(a)

+ 4Qload , ∀a

≤ 4x, ∀a

(a)
−4Q ≤ 4Qload ≤ 4Q, ∀a
(a)
(a)
vmin ≤ v (a) ≤ vmax
, ∀a
(a)
(a)
(a)
Qmin−gen ≤ Qgen ≤ Qmax−gen , ∀a
(a)
(a)
(a)
Pmin−gen ≤ Pgen
≤ Pmax−gen , ∀a

q
(a)
(a)
(a)
(Pij )2 + (Qij )2 ≤ Smax
∀a; ∀{i, j} ∈ E (a)


X
(a)
(a)
(a)
Pi + iQi =
Sij , ∀i ∈ V (a) , ∀a

(a)

x(a) = (xij |{i, j} ∈ V (a) ) - vector of line inductances
(modified by SC devices)
(a)
Q(a) = (Qi |i ∈ V (a) ) - vector of reactive power
injection/consumption at loads and generators (modified
by SVC devices)
(a)
(a)
(a)
Pg
= (Pi;g |i ∈ Vg ) - vector of active power
injections at the generators (operational cost for each
scenario is cost of active power generation)
(a)
v (a) = (vi |i ∈ V (a) ) - vector of operational voltages
(a)
(a)
θ = (θi |i ∈ V (a) ) - vector of operational phases

i∈Vl

{i,j}∈E

The following are scenario-indexed degrees of freedom which
are optimized over:
•

4Q = (4Qi |i ∈ Vl ) - vector of SVC device capacities
(positive values, regulated up and down intervals are
assumed equal)

j:{i,j}∈E (a)

where all the inequalities containing vectors are considered
component-wise; Ca (P (a) ) stands for the function representing the cost of generation for scenario a, and ∀a is a shortcut
for, ∀a = 1, · · · , N . The objective function (2) represents
capital investment cost of the installation of two types of
FACTS devices (taking linear in the installation capacities
and thus promoting sparseness, see [13], [14] for related
discussion) plus operational cost summed over all the scenarios
with their probabilities taken into account and multiplied
by the number of years (service period). The optimization
constraints above have the following meaning:
•

•

•

state for each scenario is defined by vectors of line
inductances, voltages, phases, active and reactive power
injections at nodes
actual line inductance is equal to its initial value plus
SC correction adjusted to a scenario, however maintained
within the installed capacity bounds
actual reactive power demand for a load is equal to its
initial value plus SVC adjusted to a scenario, , however
maintained within the installed capacity bounds
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•
•
•
•

limits for reactive power generation
limits for active power generation
line thermal limits
active and reactive power balance at nodes

Thermal and power balance constraints are non-linear and nonconvex. In order to resolve this complication we develop the
iterative heuristic approach to solve Eq. (1) described in the
next Section.
IV. O PTIMIZATION A LGORITHM

be multiple solutions with close costs and similar active
power generation, however showing rather distinct profiles of reactive power injection/consumption.)
3. This step assumes that a feasible solution of the preceding
optimization problem is found. The solution outputs
active powers and voltages at the generators, active and
reactive powers at loads which we then use to run AC
Power Flow (AC-PF) solver (in our experiments we use
Mathpower solver) to update the remaining parameters of
the current state.
4. One arrives at this step if some constraints of the preceding optimization problem are violated. One checks if
the number of iterations is still less than the maximum
allowed and then proceed to the next iteration, or exit
(declaring infeasibility) otherwise.
In this scheme linearization of the constraints is straightforward. We consider apparent power squared flowing through
(a)
(a)
the line {i, j} under the scenario, a, (Pij )2 + (Qij )2 , as
well as real and reactive powers injected/consumed at a node,
(a)
(a)
i, under scenario, a, Pi and Qi , as functions of the state
variables (x, v, θ), and then linearize around the current state
by computing partial derivatives over state variables explicitly.
V. S IMULATIONS AND R ESULTS

Fig. 1.

Flowchart of our iterative algorithm.

The idea of the algorithm is to proceed sequentially. At
each step within the sequence we linearize the constraints
around a current state (found at the preceding step) and then
use a standard convex optimization solver to evaluate the
resulting quadratic programming (QP) optimization (for the
generation cost modelled as a quadratic function) with linear
constraints. We also control each step so that the resulting
correction to the current state is sufficiently small to justify the
linearization. The algorithm is terminated when preset target
precision/accuracy is reached. Flowchart of the algorithm is
shown in Fig. 1, where the underlying details are as follows:
1* Each load configuration (each scenario) is given (see next
Section for discussion on how we generate the scenarios).
2* Here for each scenario we solve OPF with thermal limits
removed (standard OPF can be infeasible for some load
configurations and this could be resolved with the FACTS
placement).
3* Initial state for each scenario is taken from step 2*.
1. Linearization of the thermal and power balance constraint
over the current state for each scenario is applied.
2. QP is evaluated. Here we artificially restrict change of
reactive power injections on generators. (The restriction
is caused by empirical observation that for a system with
multiple alternative loops for power flows and reactive
power assumed injected/consumed at no cost, there may

We have first developed a single-scenario solver following
the scheme of Fig. 1 and tested it extensively. In particular,
the solver was validated against the Matpower OPF solver
and it was also verified that the solver is producing sensible
results for dependence of the optimal cost and configuration
on the exogenous parameters, e.g. on duration of the period of
performance. (The investment term in the optimum cost starts
to dominate the operational term in the cost only if the duration
is sufficiently long.) Then to actually solve Eq. (1) we have
built the multi-scenario solver upon the experience gained. In
the remaining part of this Section we illustrate operations and
abilities of our approach on example of the Matpower 30-node
case.

Fig. 2. Comparison of the reactive power dispatch (Q, MVar) at six generators
of the 30-bus system for three different configurations marked as blue, orange
and purple. Blue bars - initial state of the algorithm (step 3*). Orange bars
shows final stage of our algorithm - feasible and minimizing the overall cost.
Purple shows outputs of the standard OPF run (marked as infeasible by solver).
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First, we experiment with an infeasible single load configuration, i.e. configuration without FACTS corrections for which
there exists no generation dispatch meeting all the generation
and line-thermal limits. This load case was created by overloading the feasible base case of the Mathpower uniformly
by 15%. We consider the single-scenario optimization over
15 years of the planning horizon. Performance of the singlescenario solver for this example is illustrated in Fig. 2, Fig. 3
and Fig. 4.

Next we illustrate performance of our multiple-scenario
solver with the example accounting for 10 configuration scenarios.

Fig. 3. Visualization of the solver output. Circles and squares mark consumers
and generators. Voltage profile is shown in color (transitioning from yellow
for maximum voltage to white for the minimal voltage). Line marked blue
was initially overloaded and it was also selected by the solver for SC
correction/placement. Number, shown next to the blue line, shows correction
(in percentage). Node which was chosen for the (only) SVC correction is
shown as a white dot. Bold numbers which appear next to the dot show level
of the voltage and corrected/installed reactive power provided at the optimal
solution.

Fig. 5.
Visualization of the final states for two scenarios (out of 10
considered). Marking and color-coding (yellow-to-white) is the same as given
in the captions of Fig. 3. Additionally we show ”actual setting of the
device”/”capacity of the device”.Initially overloaded and compensated line is
marked blue, initially overloaded line which was relieved without placement
of a SC devise on it is shown red, and line which is chosen for compensation
even though it was not overloaded prior to the correction is shown green.

Fig. 4. Comparison of the active power dispatch (P, MW) at six generators
of the 30-bus system for three different configurations marked as blue, orange
and purple, where the color-coding is identical to the one used in Fig. (2) .

We observe that the optimal correction is achieved with
investment in one SC device and one SVC device. Reactive
powers are also corrected at the generators. Notice that in spite
of the fact that the reactive power correction comes at no cost
at the generators, the congestion forces the optimization to
build an SVC device for an additional reactive correction far
from generators.

The scenarios are considered on equal footing, i.e. each
occurring with the probability of 10%. Each of the ten configurations is generated overloading uniformly by 10% a feasible
case of the Matpower with subsequent addition of random
correction (sampled from the Gaussian zero mean distribution
with standard deviation equal to the 10% of the load position
at the node).
The system is optimized over the year-long time horizon.
In this case some of the scenarios are originally OPF-feasible
and others are not. Fig. 5 shows optimal voltage profiles and
optimal settings for the installed devices over two (out of
ten) exemplary scenarios. We observe that the multi-scenario
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algorithm discovers distinct feasible solutions for each of the
scenario. The resulting optimal placement is sparse. Moreover,
once a device is installed it is not utilized at its maximum in
all the scenarios.
Progress of the algorithm is shown in Fig. 6. Left y-axis
of Fig. 6 illustrates convergence of the total cost (value of
the objective function). We find that the multi-scenario solver
requires approximately 30 iterations to converge. Right yaxis portion of Fig. 6 illustrates gradual (and generally nonmonotonic) reduction of line overloads.

like these related to phase-shifters, line switching and also
improving modeling of costs.
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Fig. 6. Illustration of the algorithm dynamics: we show dependence of line
overloads in MVA (lines numbered on the right) and dependence of the total
cost in M$/years (blue dotted line shadowed from above) on the number of
iterations.
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