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In this note we consider the first order scalar PDE
H(z,u,Vu) = [|[A(z,u)Vul]| —1=0, ze€2CR", (1)
with the initial condition
u(zo) =0, (2)
where (n x n) matrix A(-,-) satisfies the inequality
det A(z,u) >n >0 Vref2, u>0.

Though the above equation contains no time variable, it can be viewed as an
anisotropic “time-dependent” eikonal equation. Indeed, one may show that any
map u = u(x), whose sublevel sets {z | u(x) < t} coincide with the reachable
sets R(t) of the differential inclusion

ie[A(z,t)] "B, ol
{x(o) . B={v||v] <1},

must be a viscosity solution of the problem (1), (2).

The proposed numerical scheme is based on the Fast Marching Method
(FMM) [1,2], which proved to be very effective for solving classical eikonal equa-
tions. Note that the convergence of the finite difference scheme for the problem
(1), (2) requires a monotonicity of the hamiltonian [3]
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>0, u>0.

References

1. Sethian, J.A.: Level Set Methods and Fast Marching Methods: evolving interfaces in
computational geometry, computer vision and matherial science. Cambridge Univ.
Press (1999).

2. Cacace, S., Cristiani, E., Falcone, M.: Can Local Single-Pass Methods Solve Any
Stationary Hamilton—Jacobi-Bellman Equation? SIAM Journal on Scientific Com-
puting, 36, No 2, 570-587 (2014).

3. Ishii, H.: A simple, direct proof of uniqueness for solutions of the Hamilton-Jacobi
equations of eikonal type. Proceedings of the American Mathematical Society. 247-
251 (1987).



